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Abstract This paper considers a family of finite dimensional simple Lie su-
peralgebras of Cartan type over a field of characteristic p > 3, the so-called
special odd contact superalgebras. First, the spanning sets are determined for
the Lie superalgebras and their relatives. Second, the spanning sets are used
to characterize the simplicity and to compute the dimension formulas. Third,
we determine the superderivation algebras and the first cohomology groups.
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0. Introduction
The theory of Lie superalgebras has seen a significant development. For example, V. G. Kac
classified the finite dimensional simple Lie superalgebras and the infinite dimensional simple
linearly compact Lie superalgebras over algebraically closed fields of characteristic zero (see
[4, 5, 11]). But there are not so plentiful results for modular Lie superalgebras (that is, Lie
superalgebras over fields of prime characteristic). The classification problem is still open for
finite dimensional simple modular Lie superalgebras (see [1, 15] for example). As far as we
know, [6, 10] should be two of the earliest papers on modular Lie superalgebras. Recently,
certain new simple Lie superalgebras over a field of characteristic 3 were constructed and
studied [1, 2]. In [3, 9, 15] six families of finite dimensional modular Lie superalgebras of
Cartan typeW,S,H,K,HO andKO were considered and the simplicity and restrictiveness
were determined. The superderivation algebras have been sufficiently studied for these
Lie superalgebras [8, 9, 14, 16]. In a recent paper [7], the finite dimensional special odd
∗Supported by the NSF of China (10871057) and the NSF of Heilongjiang Province (A200802)
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Hamiltonian superalgebras were introduced and the spanning set, simplicity and dimension
formula were determined.
In the present paper, motivated by [5, 7], we study a family of finite dimensional Lie
superalgebras of Cartan type over a filed of characteristic p > 3, the special odd contact
superalgebras, and determine the spanning sets, simplicity, dimension formulas, the su-
perderivations and the first cohomology. From the discussions and certain conclusions in
this paper one may see that, as in the non-modular case, the special odd contact superalge-
bras possess more complicated structures and have no analogous in the finite dimensional
modular Lie algebras of Cartan type (cf. [12, 13]).
1. Preliminaries
Throughout F is a field of characteristic p > 3; Z2 := {0¯, 1¯} is the additive group of two
elements; N and N0 are the sets of positive integers and nonnegative integers, respectively.
Fix an integer n ≥ 3 and an n-tuple t := (t1, . . . , tn) ∈ Nn. Put pi := (pi1, . . . , pin),
where pii := p
ti − 1 for i ∈ 1, n. Let O(n; t) be the divided power algebra with F-basis
{x(α) | α ∈ A(n; t)}, where A(n; t) := {α ∈ Nn0 | αi ≤ pii}. Note that x
(0) := 1 ∈ O(n; t),
where 0 = (0, . . . , 0) ∈ A(n; t). For εi := (δi1, δi2, . . . , δin) ∈ A(n; t), write xi for x
(εi), where
i = 1, n. Let Λ(m) be the exterior superalgebra over F inm variables xn+1, xn+2, . . . , xn+m.
Set
B(m) :=
{
〈i1, i2, . . . , ik〉 | n+ 1 ≤ i1 < i2 < · · · < ik ≤ n+m; k ∈ 0,m
}
.
For u := 〈i1, i2, . . . , ik〉 ∈ B(m), write |u| := k xu := xi1xi2 · · ·xik , and denote by u itself
the index set {i1, i2, . . . , ik}. For u, υ ∈ B(m) with u ∩ υ = ∅, write u+ υ for the uniquely
determined element w ∈ B(m) such that w = u ∪ υ. If υ ⊂ u, write u− υ for the uniquely
determined element w ∈ B(m) such that w = u \ υ. Clearly, the associative superalgebra
O(n,m; t) := O(n; t)⊗ Λ(m)
has a so-called standard F-basis
{x(α) ⊗ xu | (α, u) ∈ A(n; t)× B(m)}.
Let ∂r be the superderivation of O(n,m; t) defined by ∂r(x(α)) = x(α−εr) for r ∈ 1, n and
∂r(xs) = δrs for r, s ∈ 1, n+m. The generalized Witt superalgebra W (n,m; t) is F-spanned
by {fr∂r | fr ∈ O(n,m; t), r ∈ 1, n+m}. Note that W (n,m; t) is a free O (n,m; t)-module
with basis {∂r | r ∈ 1, n+m}. In particular, W (n,m; t) has a standard F-basis
{x(α)xu∂r | (α, u, r) ∈ A(n; t)× B(m)× 1, n+m}.
For an n-tuple α := (α1, . . . , αn) ∈ Nn0 , put |α| :=
∑n
i=1 αi. The associative algebra
O(n,m; t) has a standard Z-grading structure O(n,m; t) = ⊕ξi=0O(n,m; t)i, where
O(n,m; t)i := spanF{x
(α)xu | |α|+ |u| = i}, ξ := |pi|+m.
For a vector superspace V = V0¯ ⊕ V1¯, we write p(x) := θ for the parity of a homogeneous
element x ∈ Vθ, θ ∈ Z2. Once the symbol p(x) appears in this paper, it will imply that x
is a Z2-homogeneous element.
When m = n + 1, we write O := O(n, n + 1; t). Recall the odd contact superalgebra,
which is a simple Lie superalgebra contained inW (n, n+1; t), defined as follows (see [3, 5]):
KO(n, n+ 1; t) := {DKO(a) | a ∈ O},
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where
DKO(a) := TH(a) + (−1)
p(a)∂2n+1(a)D+ (D(a) − 2a)∂2n+1
and
D :=
2n∑
i=1
xi∂i, TH(a) :=
2n∑
i=1
(−1)µ(i
′)p(a)∂i′(a)∂i,
i′ :=
{
i+ n, if i ∈ 1, n
i− n, if i ∈ n+ 1, 2n,
µ(i) :=
{
0¯, if i ∈ 1, n
1¯, if i ∈ n+ 1, 2n+ 1.
Note that for a, b ∈ O ,
[DKO(a), DKO(b)] = DKO(DKO(a)(b)− (−1)
p(a)2∂2n+1(a)b) (1.1)
(see [3, 5]). Given λ ∈ F, put
SKO′′(n, n+ 1;λ, t) := {DKO(a) | divλ(a) = 0, a ∈ O},
where
divλ(a) := (−1)
p(a)2(∆(a) + (D− nλidO)∂2n+1(a))
and
∆ :=
n∑
i=1
∂i∂i′ .
Then one can verify that SKO′′(n, n+1;λ, t) is a subalgebra of KO(n, n+1;λ, t) (c.f. [5]).
The following symbols will be frequently used in this paper:
∆i := ∂i∂i′ ;∇i(x
(α)xu) := x(α+εi)xi′x
u; Γji := ∇j∆i for i, j ∈ 1, n,
for fixed (α, u) ∈ A(n; t)× B(n+ 1),
I(x(α)xu) := I(α, u) := {i ∈ 1, n | ∆i(x
(α)xu) 6= 0};
I˜(x(α)xu) := I˜(α, u) := {i ∈ 1, n | ∇i(x
(α)xu) 6= 0}
and
D∗ := {x(α)xu ∈ O | I(α, u) 6= ∅, I˜(α, u) 6= ∅}.
Recall some Lie superalgebras contained in W (n, n; t):
SHO′(n, n; t) := {TH(a) | a ∈ O(n, n; t),∆(a) = 0};
SHO(n, n; t) := [SHO′(n, n; t), SHO′(n, n; t)].
It was proven in [7] that
SHO(n, n; t) = span
F
({
TH
(
x(α)xu
)
| I(α, u) = ∅, I˜(α, u) 6= ∅
}
∪ G
)
, (1.2)
where
G :=
{
TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
| x(α)xu ∈ D∗, q ∈ I˜(α, u)
}
.
Let K(n, n+ 1;λ, t) be the subspace spanned by the elements DKO(a), where a ∈ ⊕i≥1Oi
such that
divλ(a) = 0, ∂2n+1(a) = 0. (1.3)
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If ∂2n+1(a) = ∂2n+1(b) = 0, that is, a, b ∈ O(n, n; t), then by (1.1), we have
[DKO(a), DKO(b)] = DKO(TH(a)(b)).
Note that
[TH(a), TH(b)] = TH(TH(a)(b)).
It follows that K(n, n+1;λ, t) is a subalgebra of SKO′(n, n+1;λ, t).Moreover, the mapping
ρ : K(n, n+ 1;λ, t) −→ SHO′(n, n; t), DKO(a) 7−→ TH(a) (1.4)
is an isomorphism of Lie superalgebras. In this paper we mainly study the following derived
superalgebras
SKO′(n, n+ 1;λ, t) := [SKO′′(n, n+ 1;λ, t), SKO′′(n, n+ 1;λ, t)],
SKO(n, n+ 1;λ, t) := [SKO′(n, n+ 1;λ, t), SKO′(n, n+ 1;λ, t)],
called the special odd contact (Lie) superalgebras. For simplicity, in the following sections
we shall write g for SKO and usually omit the parameters (n, n+ 1;λ, t).
2. Spanning sets
From now on, we take the convention that the expression x(α)xu implies that α ∈ A(n; t)
and u ∈ B(n). For f ∈ O, if there is i ∈ 1, n such that ∇i(f) 6= 0, then f is called i-
integral. If I˜(α, u) 6= ∅, we write q(α,u) := minI˜(α, u). Recall our convention that n ≥ 3.
To formulate the linear generators of g′′ (Theorem 2.1), we introduce the following symbols
for q ∈ I˜(α, u),
A(α, u, q) := x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu),
B(α, u, λ, q) := (−1)|u|(nλ− zd(x(α)xu))∇q(x
(α)xu),
E(α, u) := DKO(x
(α)xu),
E(α, u, q) := DKO
(
A(α, u, q)
)
,
E(α, u, 2n+ 1) := DKO(x
(α)xux2n+1),
E(α, u, 2n+ 1, q) := DKO
(
x(α)xux2n+1 +B(α, u, λ, q)
)
,
G(α, u, 2n+ 1, q) := DKO
(
A(α, u, q)x2n+1 +B(α, u, λ, q)
)
and
S1 := {E(α, u) | I(α, u) = ∅, (α, u) 6= (0, 0)},
S2 := {E(α, u, q) | x
(α)xu ∈ D∗, q ∈ I˜(α, u)},
S3 := {E(α, u, 2n+ 1, q(α, u)) | I(α, u) = ∅, I˜(α, u) 6= ∅},
S4 := {G(α, u, 2n+ 1, q) | x
(α)xu ∈ D∗, q ∈ I˜(α, u)},
S5 := {E(α, u, 2n+ 1) | I(α, u) = ∅, I˜(α, u) = ∅, nλ− zd(x
(α)xu) = 0 in F}.
One can easily verify that ∪5i=1Si ⊂ g
′′ and span
F
Si ∩ spanF(∪j 6=iSj) = 0.
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In the following, we use frequently a decomposition: Given j ∈ n+ 1, 2n+ 1 any element
f ∈ O can be uniquely written as
f = f0xj + f1 where ∂j(f0) = ∂j(f1) = 0,
called the xj-decomposition of f. The x2n+1-decomposition of f ∈ O is
f = f0x2n+1 + f1 where ∂2n+1(f0) = ∂2n+1(f1) = 0. (2.1)
Theorem 2.1. g′′ is spanned by {DKO(1)} and ∪5i=1Si.
Proof. Let DKO(f) be an arbitrary element of g
′′, where f ∈ O such that divλ(f) = 0.We
want to show that DKO(f) is a linear combination of {DKO(1)} and ∪5i=1Si. Consider the
x2n+1-decomposition (2.1) of f . We have
2(−1)p(f)
(
∆(f0)x2n+1 +∆(f1) + (−1)
p(f0)(D− nλidO)(f0)
)
= divλ(f) = 0.
It follows that
∆(f0) = 0 (2.2)
and
∆(f1) = (−1)
p(f0)(nλidO −D)(f0). (2.3)
From (2.2) one sees that f0 ∈ F or DKO(f0) ∈ K(n, n + 1;λ, t). From (1.4) we know that
K(n, n+ 1;λ, t) ∼= SHO′(n, n; t). Then by [7, Theorem 2.7], K(n, n+ 1;λ, t) is spanned by
S1 ∪ S2. Thus, we can suppose
f0 =
∑
I(α,u)=∅
a(α,u)x
(α)xu +
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)A(α, u, q), (2.4)
where a(α,u) ∈ F.
Suppose nλ − zd(x(α)xu) 6= 0 in F for some α, u with I(α, u) = ∅ and I˜(α, u) = ∅. It
follows from (2.3) that a(α,u) = 0. Thus (2.4) can be rewritten as
f0 =
∑
I(α,u)=∅,eI(α,u)=∅
nλ−zd(x(α)xu)=0
a(α,u)x
(α)xu +
∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)x
(α)xu
+
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)A(α, u, q). (2.5)
Let
g := f1 −
∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)B(α, u, λ, q(α, u))
−
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)B(α, u, λ, q). (2.6)
Then
∆(f1) = ∆(g) + ∆
( ∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)B(α, u, λ, q(α, u))
+
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)B(α, u, λ, q)
)
= ∆(g) + (−1)p(f0)(nλidO −D)(f0).
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Then by (2.3), we have ∆(g) = 0. Hence g ∈ F or DKO(g) ∈ K(n, n+1;λ, t). Consequently,
DKO(g) ∈ spanF(S1 ∪ S2 ∪ {DKO(1)}). (2.7)
From (2.5) and (2.6) it follows that
f = f0x2n+1 + f1
= f0x2n+1 +
∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)B(α, u, λ, q(α, u))
+
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)B(α, u, λ, q) + g
=
∑
I(α,u)=∅,eI(α,u)=∅
nλ−zd(x(α)xu)=0
a(α,u)x
(α)xux2n+1 +
∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)(x
(α)xux2n+1
+B(α, u, λ, q(α, u))) +
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)(A(α, u, q)x2n+1
+B(α, u, λ, q)) + g
=
∑
I(α,u)=∅,eI(α,u)=∅
nλ−zd(x(α)xu)=0
a(α,u)E(α, u, 2n+ 1) +
∑
I(α,u)=∅,eI(α,u) 6=∅
a(α,u)E(α, u, 2n+ 1, q(α, u))
+
∑
x(α)xu∈D∗,q∈eI(α,u)
a(α,u)G(α, u, 2n+ 1, q) + g.
This combining (2.7) shows that
DKO(f) is a linear combination of ∪
5
i=1 Si ∪ {DKO(1)}.
Lemma 2.2. Suppose DKO(f) ∈ g′′ and f = f0x2n+1 + f1 is the x2n+1-decomposition.
Then [DKO(f), DKO(1)] = 2DKO(f0).
Proof. Using (1.1), one may directly compute.
Lemma 2.3. If DKO(f) ∈ [K(n, n+1;λ, t),K(n, n+1;λ, t)], then f does not contain any
nonzero monomials of the form x(α)xu such that I(α, u) = ∅, I˜(α, u) = ∅.
Proof. Write DKO(f) = [DKO(g), DKO(h)], where g, h satisfy the conditions (1.3). Then
by (1.4),
TH(f) = [TH(g), TH(h)]
and the conclusion follows from [7, Proposition 3.4].
Put
A1 := {x
(α)xu | I(α, u) = I˜(α, u) = ∅},
A2 := {x
(α)xu | I(α, u) = ∅, I˜(α, u) 6= ∅}.
Note that
x(α)xu ∈ A1 ⇐⇒ αi = pii or 0 for all i ∈ 1, n and u = {j
′ | αj = 0, j ∈ 1, n}. (2.8)
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It is clear that
S1 ∪ {DKO(1)} = {DKO(f) | f ∈ A1} ∪ {DKO(f) | f ∈ A2}.
Given r ∈ 1, n, let
J(0) := ∅,
J(r) := {(i1, . . . , ir) | 1 ≤ i1 < · · · < ir ≤ n}.
For (i1, . . . , ir) ∈ J(r), r ∈ 0, n, let
X(i1, . . . , ir) := x
(pii1εi1+···+piirεir )x〈1
′,...,n′〉−〈i′1,...,i
′
r〉.
We list some technical formulas, which will be used later. Suppose I(α1, u1) = ∅, I(α2, u2) =
∅, α1 + α2 = α, u1 + u2 = u, q ∈ I˜(α, u). Then
[E(α1, u1, 2n+ 1, q), E(α2, u2, 2n+ 1, q)] =
{
γE(α, u, 2n+ 1, q) if I(α, u) = ∅
γG(α, u, 2n+ 1, q) if I(α, u) 6= ∅,
(2.9)
where
γ : = ±
[
(nλ− zd(α2, u2))
(
α
α1 − εq
)
+ (zd(α1, u1)− zd(α2, u2))
(
α
α1
)
−(nλ− zd(α1, u1))
(
α
α1 + εq
)]
.
Suppose f ∈ O(n, n; t) is q-integral, where q ∈ 1, n. Put
Y (f, q) := DKO(fx2n+1 + (−1)
p(f0)(nλ− zd(f0))∇q(f0)).
In the sequel, once the symbol Y (f, q) appears, it will impliy that f ∈ O(n, n; t) is q-
integral.
NOTICE that in Lemmas 2.4, 2.5, Theorems 2.6 and 2.7 we will always assume that
DKO(f0), DKO(g0) ∈ S1 ∪ S2 ∪ {DKO(1)}.
Lemma 2.4. We have
[Y (f0, q), DKO(g0)]
= DKO
( 2n∑
i=1
(−1)µ(i
′)p(f0x2n+1)∂i′(f0x2n+1)∂i(g0) + (2− zd(g0))f0g0
+(−1)p(f0)(nλ− zd(f0))
2n∑
i=1
(−1)µ(i
′)p(∇q(f0))∂i′(∇q(f0))∂i(g0)
)
(2.10)
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and
[Y (f0, q), Y (g0, r)]
= DKO
(
(−1)p(f0)+p(g0)(nλ− zd(f0))(zd(∇q(f0)) − 2)∇q(f0)g0
+(−1)p(f0)+p(g0)(nλ− zd(f0))(nλ − zd(g0))
2n∑
i=1
(−1)µ(i)p(∇q(f0))∂i′(∇q(f0))∂i(∇r(g0))
+(−1)p(g0)(nλ− zd(g0))
2n∑
i=1
(−1)µ(i
′)p(f0x2n+1)∂i′(f0x2n+1)∂i(∇r(g0))
+(−1)p(f0)(nλ− zd(f0))
2n∑
i=1
(−1)µ(i
′)p(∇q(f0))∂i′(∇q(f0))∂i(g0x2n+1)
+(−1)p(g0)(nλ− zd(g0))(2 + zd(∇r(g0)))f0∇r(g0)
+(zd(f0)− zd(g0))f0g0x2n+1
)
. (2.11)
Proof. Using (1.1), one can directly compute.
Given λ ∈ F and l ∈ Z, put
Sl(λ, n) := {k ∈ 0, n | nλ− n+ 2k + l = 0 ∈ F},
the set of all the integer solutions between 0 and n of the equation that nλ−n+2x+ l = 0
in F. Put
G := G(pi − ε1, 〈2
′, . . . , n′〉, 2n+ 1, 1).
Lemma 2.5. If [Y (f0, l), Y (g0, r)] = sG for some 0 6= s ∈ F, then there is k ∈ 1, n such
that f0 and g0 are k-integral.
Proof. If there exists no such k, then
∇k(f0g0) = ∇k(∂i′(f0)∂i(∇r(g0))) = ∇k(∂i′ (∇l(f0))∂i(g0)) = 0
for all k ∈ 1, n. Since [Y (f0, l), Y (g0, r)] = sG, it follows that
f0g0 = ∂i′ (f0)∂i(∇r(g0)) = ∂i′ (∇l(f0))∂i(g0) = 0.
Then by (2.11) we have s = 0. This contradicts the assumption that s 6= 0. The proof is
complete.
Theorem 2.6. If nλ+ 1 6= 0 in F or S0(n, λ) 6= ∅, then
g′′ = g′ ⊕ span
F
S5 ⊕
∑
r∈S2(λ,n)
(i1,...,ir)∈J(r)
FDKO(X(i1, . . . , ir)).
If nλ+ 1 = 0 in F and S0(n, λ) = ∅, then
g′′ = g′ ⊕ span
F
S5 ⊕
∑
r∈S2(λ,n)
(i1,...,ir)∈J(r)
FDKO(X(i1, . . . , ir))⊕ FG.
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Proof. In the light of Theorem 2.1, our discussion is divided into six parts.
Part 1. Assert that {DKO(f) | f ∈ A2} ∪ S2 ⊆ g′. This follows from Lemma 2.2.
Part 2. Assert that S3 ⊆ g′. Consider the elements in S3, say, E(α, u, 2n + 1, q(α, u)).
Take q 6= q′(α,u). Since
E(α, u, 2n+ 1, q(α,u)) ≡ [E(α+ εq(α,u) , u), E(0, q
′
(α,u), 2n+ 1, q)] (mod S2),
we have E(α, u, 2n+ 1, q(α,u)) ∈ g
′. Thus, S3 ⊆ g′.
Part 3. Assert that S4 \{±G} ⊆ algF(S3∪{DKO(1)}) ⊆ g
′. Consider G(α, u, 2n+1, q) ∈
S4. Suppose I(α, u) = {i1, . . . , ik} 6= ∅ and u = {i
′
1, . . . , i
′
k, i
′
k+1, . . . , i
′
r} 6= ∅. Write
(α1, u1) := (αi1εi1 + · · ·+ αikεik , 〈i
′
k+1, . . . , i
′
r〉);
(α2, u2) := (α − α1, u− u1);
(α3, u3) := (αi2εi2 + · · ·+ αikεik , 〈i
′
1, i
′
k+1, . . . , i
′
r〉);
(α4, u4) := (α − α3, u− u3).
By (2.9), we have
[E(α1, u1, 2n+ 1, q), E(α2, u2, 2n+ 1, q)]
=
(
nλαq − (αq + 1)zd(x
(α2)xu
2
) + zd(x(α
1)xu
1
)
)
G(α, u, 2n+ 1, q) (2.12)
and
[E(α3, u3, 2n+ 1, q), E(α4, u4, 2n+ 1, q)]
=
(
nλαq − (αq + 1)zd(x
(α4)xu
4
) + zd(x(α
3)xu
3
)
)
G(α, u, 2n+ 1, q). (2.13)
Note that
(αq + 2)(αi1 − 1) =
(
nλαq − (αq + 1)zd(x
(α2)xu
2
) + zd(x(α
1)xu
1
)
)
−
(
nλαq − (αq + 1)zd(x
(α4)xu
4
) + zd(x(α
3)xu
3
)
)
. (2.14)
Let us show the assertion in Part 3.
Subpart 3.1. Assert that G(α, u, 2n + 1, q) ∈ alg
F
(S3 ∪ {DKO(1)}) if αq 6≡ −2 (mod p)
and αi1 6≡ 1 (mod p). From (2.14) we know that
nλαq − (αq + 1)zd(x
(α2)xu
2
) + zd(x(α
1)xu
1
)
and
nλαq − (αq + 1)zd(x
(α4)xu
4
) + zd(x(α
3)xu
3
)
cannot be all zero in F. By (2.12) and (2.13), we have
G(α, u, 2n+ 1, q) ∈ alg
F
(S3 ∪ {DKO(1)}).
Subpart 3.2. If αq 6≡ −2 (mod p) and αi1 ≡ 1 (mod p), then by Subpart 3.1,
G(α+ εi1 , u, 2n+ 1, q) ∈ algF(S3 ∪ {DKO(1)}).
Since E(0, i′1) ∈ algF(S3 ∪ {DKO(1)}), we have
G(α, u, 2n+ 1, q) = [G(α + εi1 , u, 2n+ 1, q), E(0, i
′
1)] ∈ algF(S3 ∪ {DKO(1)}).
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Subpart 3.3. If αq ≡ −2 (mod p) and −2nλ+ zd(α, u) 6= 0 in F, then by (2.9) , we have
G(α, u, 2n+ 1, q) ∈ alg
F
(S3 ∪ {DKO(1)}).
Subpart 3.4. If αq ≡ −2 (mod p) and −2nλ+ zd(α, u) = 0 in F and G(α, u, 2n+ 1, q) 6=
±G, then there is i ∈ 1, n such that
G(α+ εi, u, 2n+ 1, q) ∈ algF(S3 ∪ {DKO(1)})
or
G(α, u + 〈i′〉, 2n+ 1, q) ∈ alg
F
(S3 ∪ {DKO(1)}).
Since E(εi, 0), E(0, i
′) ∈ alg
F
(S3 ∪ {DKO(1)}), we have
G(α, u, 2n+ 1, q) ≡ [G(α+ εi, u, 2n+ 1, q), E(0, i
′)] (mod alg
F
(S3 ∪ {DKO(1)}))
or
G(α, u, 2n+ 1, q) ≡ [G(α, u + 〈i′〉, 2n+ 1, q), E(i, 0)] (mod alg
F
(S3 ∪ {DKO(1)})).
Therefore, G(α, u, 2n+1, q) ∈ alg
F
(S3 ∪ {DKO(1)}). It follows from Subparts 3.1–3.4 that
S4 \ {±G} ⊆ algF(S3 ∪ {DKO(1)}).
Part 4. Assert that G ∈ g′ ⇐⇒ nλ+ 1 6= 0 in F or S0(n, λ) 6= ∅. Note that
− 2(nλ+ 1)G = [E(pi − ε1, 0, 2n+ 1, 1), E(0, 〈2
′, . . . , n′〉, 2n+ 1, 1)] ∈ g′. (2.15)
If nλ+ 1 6= 0 in F, then G ∈ g′. If S0(n, λ) 6= ∅, then for r ∈ S0(n, λ) we have
E(pi1 + · · ·+ pir, 〈(r + 1)
′, . . . , n′, 〉, 2n+ 1) ∈ g′′.
Then
(−1)(n−r+1)(r−1)G
= [E(pi1 + · · ·+ pir, 〈(r + 1)
′, . . . , n′, 〉, 2n+ 1), E(pir+1 + · · ·+ pin, 〈1
′, . . . , r′, 〉)],
that is, G ∈ g′. Conversely, we consider two cases separately:
Case 1. If
[Y (f0, q), DKO(g0)] = sG,
then
[DKO(f0), DKO(g0)] = sE(pi − ε1, 〈2
′, . . . , n′〉, 1),
where s ∈ F.
Subcase 1.1. Suppose f0 = DKO(x
(α)xu), g0 = DKO(x
(β)xv) with I(α, u) = I(β, v) = ∅
and I˜(α, u) 6= ∅, I˜(β, v) = ∅. Note that
[DKO(f0), DKO(g0)] =
2n∑
k=1
(−1)µ(k)|u|∂k(x
(α)xu)∂k′ (x
(β)xv).
Assume that ∂i(x
(α)xu)∂i′ (x
(β)xv) 6= 0 for some i ∈ 1, 2n. By symmetry one may assume
that i ∈ 1, n. Then it is easily seen that ∂i(x(α)xu)∂i′ (x(β)xv) is of the form sx(pi−εi)xω−〈i
′〉.
It follows that α + β = pi and u + v = ω (meaning u ∩ v = ∅). Noticing that I(α, u) =
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I(β, v) = ∅, one may easily deduce that I˜(α, u) = ∅, contradicting our assumption. This
shows that s = 0.
Subcase 1.2. Suppose f0 = DKO(x
(α)xu −
∑
i∈I(α,u) Γ
q
i (x
(α)xu)), g0 = DKO(x
(β)xv)
with I(α, u) 6= ∅, q ∈ I˜(α, u) 6= ∅, I(β, v) = ∅ and I˜(β, v) = ∅. Assume that s 6= 0. In the
light of [7, Lemma 3.2], there is k ∈ 1, 2n such that ∂k(x(α)xu)∂k′ (x(β)xv) 6= 0. Thus one
may assume that ∂k(x
(α)xu)∂k′ (x
(β)xv) is of the form sx(pi−εk)xω−〈k
′〉. Consequently, we
have
α+ β = pi and u+ v = ω. (2.16)
Note that I(β, v) = ∅ and I˜(β, v) = ∅. By (2.8), we know there is (i1, . . . , ir) ∈ J(r) such
that x(β)xv = X(i1, . . . , ir). It follows from (2.16) that x
(α)xu = X(ir+1, . . . , in). This
contradicts the assumption that I(α, u) 6= ∅, I˜(α, u) 6= ∅.
Now, in combination with [7, Theorem 3.8], one may prove s = 0.
Case 2. Suppose f0 = x
(α)xu−
∑
i∈I(α,u) Γ
l
i(x
(α)xu), g0 = x
(β)xv−
∑
i∈I(β,v) Γ
r
i (x
(β)xv),
where l ∈ I˜(α, u) 6= ∅, r ∈ I˜(β, v) 6= ∅. When I(α, u) = I(β, v) = ∅, one sees that
f0 = x
(α)xu and g0 = x
(β)xv. If
[Y (f0, l), Y (g0, r)] = sG,
where s ∈ F, by Lemma 2.5, there is k ∈ 1, n such that f0 and g0 be k-integral. By Case
1, we have
[Y (f0, l), Y (g0, r)]
= [Y (f0, k) + (−1)
p(f0)(nλ− zd(f0))DKO(∇l(f0)−∇k(f0)),
Y (g0, k) + (−1)
p(g0)(nλ− zd(g0))DKO(∇r(g0)−∇k(g0))]
= [Y (f0, k), Y (g0, k)]
= sG = ±sG(pi − εk, 〈1
′, . . . , n′〉 − 〈k′〉, 2n+ 1, k).
Pay attention to the monomials in (2.11) which do not contain x2n+1. Note that zd(α, u)+
zd(β, v) ≡ −2 (mod p). We have
± s(nλ+ 2)x(pi)x〈1
′,...,n′〉
= (−1)|u|+|v|(nλ− zd(α, u))zd(β, v)xk′x
(α+εk)xux(β)xv
+(−1)|u|+|v|(nλ− zd(α, u))(nλ − zd(β, v))xk′x
(α)xux(β+εk)xv
−(−1)|u|+|v|(nλ− zd(α, u))(nλ − zd(β, v))xk′x
(α+εk)xux(β)xv
+(−1)|u|+|v|(nλ− zd(β, v))(4 + zd(β, v))xk′x
(α)xux(β+εk)xv
= ±2(nλ+ 1)(nλ+ 2)x(pi)x〈1
′,...,n′〉 in F.
It follows that s = ±2(nλ+ 1) in F.
Part 5. Assert that for r ∈ 0, n,
DKO(X(i1, . . . , ir)) ∈ g
′ ⇐⇒ r /∈ S2(λ, n). (2.17)
Subpart 5.1. By Lemma 2.3, if DKO(h) ∈ [K(n, n+1;λ, t),K(n, n+1;λ, t)], where h ∈ O,
then h has no nonzero monomials X(i1, . . . , ir).
Subpart 5.2. Pay attention to the monomials in (2.11) which do not contain x2n+1. One
sees that if [Y (f0, q), Y (g0, r)]= DKO(h), where h ∈ O, then h has no nonzero monomials
X(i1, . . . , ir).
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Subpart 5.3. If there exist Y (f0, q), DKO(g0) such that [Y (f0, q), DKO(g0)] = DKO(h),
where h ∈ O and h has nonzero monomials X(i1, . . . , ir), by (2.10) we have f0g0 =
aX(i1, . . . , ir), where 0 6= a ∈ F, and then
[Y (f0, q), DKO(g0)] = a(nλ− n+ 2r + 2)X(i1, . . . , ir).
The assertion (2.17) follows from Subparts 5.1–5.3.
Part 6. Assert that g′ ∩ span
F
S5 = 0.
Subpart 6.1. Suppose [Y (f0, q), Y (g0, r)] = DKO(h) and h ∈ O has a nonzero monomial
of the form x(pii1εi1 ) · · ·x(piir εir )xi′
r+1
xi′
r+2
· · ·xi′nx2n+1. Then by (2.11), f0, g0 must be of
the form
f0 = x
(α)xu, g0 = x
(β)xυ ,
where α+ β = pii1εi1 + · · ·+ piirεir , u+ υ = 〈i
′
r+1 . . . , i
′
n〉. In this case,
[Y (f0, q), Y (g0, r)] = 0.
Subpart 6.2. By (2.10), if [Y (f0, q), DKO(g0)] = DKO(h) and h ∈ O has a nonzero
monomial of the form x(pii1εi1 ) · · ·x(piir εir )xi′
r+1
xi′
r+2
· · ·xi′nx2n+1, then there are 0 6= a ∈ F
and h1 ∈ O(n, n; t) such that
[DKO(f0), DKO(g0)] = aDKO(h1 +X(i1, . . . , ir)).
This contradicts Lemma 2.3 and therefore, g′ ∩ span
F
S5 = 0. The proof is complete.
Put
δ′nλ,−1 :=
{
0 if nλ+ 1 6= 0 in F
1 if nλ+ 1 = 0 in F.
Theorem 2.7. g′ = g⊕ Fδ′nλ,−1G.
Proof. (1) By Parts 1–3 in the proof of Theorem 2.6 we have
{DKO(f) | f ∈ A2} ∪ S2 ∪ S3 ⊆ g, S4 \ {±G} ⊆ g.
(2) Since
(nλ− n+ 2r + 2)DKO(X(i1, . . . , ir))
= [E(pii1εi1 , 0, 2n+ 1, i2), E(pii2εi2 + · · ·+ piirεir , 〈i
′
r+1, . . . , i
′
n〉)],
we have DKO(X(i1, . . . , ir)) ∈ g for all r /∈ S2(λ, n).
(3) We propose to show that
G ∈ g⇐⇒ nλ+ 1 6= 0 in F.
By (2.15), we have G ∈ g when nλ + 1 6= 0 in F. The converse follows from Part 4 in the
proof of Theorem 2.6.
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For distinct i, j, k ∈ 1, n and q ∈ 1, n, we list some technical formulas, which will be used
later:
[E(kiεi, 0, 2n+ 1, q), E(kjεj, 0, 2n+ 1, q)] = (ki − kj)E(kiεi + kjεj , 0, 2n+ 1, q),(2.18)
[E(2εk, 0, 2n+ 1, q), E(0, 〈i
′〉, 2n+ 1, q)] = E(2εk, 〈i
′〉, 2n+ 1, q), (2.19)
[E(2εk, 〈i
′〉, 2n+ 1, q), E(0, 〈k′〉, 2n+ 1, q)] = −2G(2εk, 〈k
′, i′〉, 2n+ 1, q), (2.20)
[G(2εk, 〈k
′, i′〉, 2n+ 1, q), E(0, 〈j′〉)] = E(2εk, 〈k
′, i′, j′〉, q), (2.21)
[E(2εk, 〈k
′, i′, j′〉, q), E(j, 0)] = −E(2εk, 〈k
′, i′〉, q), (2.22)
[E(2εk, 〈k
′, i′, j′〉, q), E(0, 〈k′〉)] = E(εk, 〈k
′, i′, j′〉, q), (2.23)
[E(2εk, 〈i
′〉, 2n+ 1, q), E(0, 〈k′〉)] = E(εk, 〈i
′〉, 2n+ 1, q)− E(2εk, 〈k
′, i′〉, q), (2.24)
[E(εk, 〈i
′〉, 2n+ 1, q), E(0, 〈j′〉)] = −E(εk, 〈i
′, j′〉), q 6= j, (2.25)
[E(εk, 〈i
′, j′〉), E(0, 〈k′〉, 2n+ 1, q)] = E(0, 〈i′, j′〉, 2n+ 1, q)− E(εk, 〈k
′, i′, j′〉, q),(2.26)
and
[E(kiεi + (kj + 1)εj, 0, 2n+ 1, q), E(0, 〈j
′〉, 2n+ 1, q)]
= (ki + kj)G(kiεi + (kj + 1)εj , 〈j
′〉, 2n+ 1, q), (2.27)
[E(piiεi + (pij − 1)εj , 0, 2n+ 1, q), E(εj, 0, 2n+ 1, q)]
= pij(pii + pij − 2)E(piiεi + pijεj , 0, 2n+ 1, q), (2.28)
[E(kiεi + (kj + 1)εj, 0), E(0, 〈j
′〉, 2n+ 1, i)]
= E(kiεi + kjεj , 0, 2n+ 1, j) + (ki + 1)(nλ− 1)E((ki + 1)εi + kjεj , 〈i
′〉, j).(2.29)
Let
T = {E(kiεi, 0, 2n+ 1, q) | 1 ≤ i ≤ n, 0 ≤ ki ≤ p
ti − 1, q ∈ I˜(kiεi, 0)};
S = {E(0, i′, 2n+ 1, q) | 1 ≤ i ≤ n, q ∈ I˜(0, 〈i′〉)}.
Note that T, S ⊆ S3.
Theorem 2.8. g is generated by T ∪ S ∪ {DKO(1)}.
Proof. Let Y := alg
F
(T ∪ S ∪ {DKO(1)}). By Theorem 2.6, we may complete the proof by
the following four steps.
Step 1. Use induction on the number of variables of E(α, u, 2n+1, q(α, u)) ∈ S3 to show
that S3 ⊆ Y.
Case 1.1. Assert that for distinct i, j, q ∈ 1, n,
E(kiεi + kjεj , 0, 2n+ 1, q) ∈ Y.
If ki − kj 6≡ 0 (mod p), the conclusion follows from (2.18). If ki − kj ≡ 0 (mod p), we
consider two cases separately:
Subcase 1.1.1. Suppose ki 6= pii or kj 6= pij , say, kj 6= pij . From the above, we have
E(kiεi + (kj + 1)εj, 0, 2n+ 1, q) ∈ Y.
By Lemma 2.2,
E(kiεi + (kj + 1)εj , 0) ∈ Y.
If ki + kj 6≡ 0 (mod p), then by (2.27) we have,
G(kiεi + (kj + 1)εj, 〈j
′〉, 2n+ 1, q) ∈ Y.
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It follows from Lemma 2.2 that
E(kiεi + (kj + 1)εj, 〈j
′〉, q) ∈ Y.
If ki+ kj ≡ 0 (mod p), then ki ≤ pii− 2 or kj ≤ pij − 2.Without loss of generality, suppose
ki ≤ pii − 2. From the above, we have
E((ki + 1)εi + (kj + 1)εj, 〈j
′〉, q) ∈ Y.
Note that E(0, 〈i′〉) ∈ Y and
E(kiεi + (kj + 1)εj , 〈j
′〉, q) = [E((ki + 1)εi + (kj + 1)εj , 〈j
′〉, q), E(0, i′)].
We have E(kiεi + (kj + 1)εj, 〈j′〉, q) ∈ Y and then
E(kiεi + kjεj , 0, 2n+ 1, q)
≡ [E(kiεi + (kj + 1)εj , 0), E(0, 〈j
′〉, 2n+ 1, q)]
= E(kiεi + kjεj , 0, 2n+ 1, q)− (ki + kj − 1)E(kiεi + (kj + 1)εj, 〈j
′〉, q) (mod Y ).
Subcase 1.1.2. Suppose ki = pii, kj = pij . By (2.18),
E(piiεi + (pij − 1)εj , 0, 2n+ 1, q) ∈ Y.
It follows from (2.28) that
E(piiεi + pijεj , 0, 2n+ 1, q) ∈ Y.
Case 1.2. Suppose i 6= j ∈ 1, n, q = i or q = j, say, q = j. Then kj 6= pij . It follows from
(2.29) that
E(kiεi + kjεj , 0, 2n+ 1, q) ∈ Y.
Similar to Cases 1.1 and 1.2, using (2.19)–(2.26) we may obtain that
E(εi, 〈j
′〉, 2n+ 1, q), E(0, 〈i′, j′〉, 2n+ 1, q) ∈ Y for all i 6= j ∈ 1, n.
Then by (2.9) and induction one can show that S3 ⊆ Y.
Step 2. By Part 3 in the proof of Theorem 2.6 and Step 1 we have S4 \ {±G} ⊆ Y.
Step 3. Assert that {DKO(f) | f ∈ A2} ∪ S2 ⊆ Y. Note that
{DKO(f) | f ∈ A2} ∪ S2 \ {±E(pi − ε1, 〈2
′, . . . , n′〉, 1)} ⊆ Y
can be easily seen by Lemma 2.2, since S3 ∪ S4 \ {±G} ⊆ Y. Note that
(3 − n)E(pi − ε1, 〈2
′, . . . , n′〉, 1) ≡ [E(pi − ε1, 0, 2n+ 1, 1), E(0, 〈2
′, . . . , n′〉)] (mod Y )
and
(4 − n)E(pi − ε1, 〈2
′, . . . , n′〉, 1) ≡ [G(pi − ε1, 〈2
′〉, 2n+ 1, 1), E(0, 〈3′, . . . , n′〉)] (mod Y ).
We have E(pi − ε1, 〈2′, . . . , n′〉, 1) ∈ Y.
Step 4. Let us show that
DKO(X(i1, . . . , ir)) ∈ Y for r /∈ S2(λ, n). (2.30)
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Note that
E(0, i′n) ∈ {DKO(f) | f ∈ A2} ⊆ Y
and that for r ∈ 0, n,
E(pii1εi1 + · · ·+ piirεir , 〈i
′
r+1, · · · , i
′
n−1〉, 2n+ 1, in) ∈ S3 ⊆ Y.
Since
[E(pii1εi1 + · · ·+ piirεir , 〈i
′
r+1, · · · , i
′
n−1〉, 2n+ 1, in), E(0, i
′
n)]
= (nλ− n+ 2r + 2)DKO(X(i1, . . . , ir)),
(2.30) holds.
3. Simplicity and dimension formulas
Using the spanning set of g (Theorem 2.8), let us prove the following
Theorem 3.1. g is a simple Lie superalgebra.
Proof. Let I be a nonzero ideal of g. By Theorem 2.8, it suffices to show that T ∪ S ∪
{DKO(1)} ⊂ I.
First, assert that DKO(1) ∈ I. By Lemma 2.2, I must contain a nonzero elementDKO(f)
with ∂2n+1(f) = 0. Let f = f0xn′ + f1 be the xn′ -decomposition. Since
[DKO(f), DKO(xn)] = (−1)
p(f)DKO(f0),
one may assume that ∂n′(f) = 0. Next suppose DKO(f) := DKO(f0xj′ + f1) ∈ I, where
f = f0xj′ + f1 is the xj′ -decomposition, j ∈ 1, n− 1. Note that
[DKO(f), DKO(xj)] = (−1)
p(f)DKO(f0) 6= 0.
One may assume that ∂j(f) = 0 for all j ∈ n+ 1, 2n+ 1. Write
f = a0x
(kεi) + a1x
((k−1)εi) + · · ·+ ak−1x
(εi) + ak,
where i ∈ 1, n, ∂i(aj) = 0, j ∈ 0, k. Note that
[DKO(f), DKO(xi′ )]
= (−1)µ(i)p(f)DKO(a0x
((k−1)εi) + a1x
((k−2)εi) + · · ·+ ak−1).
The assertion follows.
Second, assert that T ⊆ I. By Lemma 2.2, E(0, q′), E(pii, 〈i′〉, j) ∈ I for i, q ∈ 1, n.
Suppose i, q ∈ 1, n. If ki 6= pii − 1 or q 6= i, then
− E(kiεi, 0, 2n+ 1, q) = [E(kiεi + εq, 0, 2n+ 1, q), E(0, 〈q
′〉)] ∈ I. (3.1)
If ki = pii − 1 and q = i, find j 6= i. Then
E((pii − 1)εi, 0, 2n+ 1, i)
= E(pii, 0, 2n+ 1, j) + (nλ− pii + 1)E((pii − 1)εi, 〈i
′〉, j) ∈ I. (3.2)
The assertion follows from (3.1) and (3.2).
Finally, it suffices to show that S ⊆ I. This follows directly from that
−E(0, 〈i′〉, 2n+ 1, q) = [E(0, 〈q′〉), E(εq, 〈i
′〉, 2n+ 1, q)] ∈ I,
where q 6= i.
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By Theorems 2.1, 2.6 and [7, Theorem 4.7] we can compute the dimension of g:
Theorem 3.2.
dim g = 2
( n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,i2,...,il)∈J(l)
l∏
c=1
piic
)
+
n∏
j=1
(pij + 2)
)
−
∑
ki∈S2(λ,n)
(
n
ki
)
− 2n − δ′nλ,−1.
Proof. By [7, Theorem 4.7] and (1.4), we have
dim span
F
(S1 ∪ S2) = dimSHO
′(n, n; t)
=
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,i2,...,il)∈J(l)
l∏
c=1
piic
)
+
m∏
j=1
(pij + 2)− 1.
By [7, Theorem 4.7] and (1.2), we have
dim span
F
(S3 ∪ S4) = dimSHO(n, n; t) + 1
=
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,i2,...,il)∈J(l)
l∏
c=1
piic
)
+
m∏
j=1
(pij + 2)− 2
n.
Our formula follows from Theorems 2.1, 2.6 and 2.7.
To make a comparison between the special odd contact superalgebras and the other
simple Lie superalgebras of Cartan type, we list certain known dimension formulas.
Lemma 3.3 (see [7, 9]). Suppose m,n > 2, t ∈ Nm.
(i) dimW (m,n; t) = (m+ n) · 2n · p
Pm
i=1 ti .
(ii) dimH (m,n; t) = 2n · p
Pm
i=1 ti − 2.
(iii) dimK (m,n; t) =
{
2n · p
Pm
i=1 ti if n−m− 3 6≡ 0 (mod p)
2n · p
Pm
i=1 ti − 1 if n−m− 3 ≡ 0 (mod p).
(iv) dimS (m,n; t) = (m+ n− 1) · 2n · p
Pm
i=1 ti −m+ 1.
(v) dimHO (m,m; t) = 2m · p
Pm
i=1 ti − 1.
(vi) dimSHO(n, n; t) =
∑n
l=2
(
(2n−1 − 2n−l)
∑
(i1,i2,...,il)∈J(l)
∏l
c=1 piic
)
+
∏n
j=1(pij + 2) −
2n − 2.
(vii) dimKO(n, n+ 1; t) = 2n+1p
P
n
i=1 ti .
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Corollary 3.4. SKO(p+2, p+3; (p−1)/2, r) is not isomorphic to any Lie superalgebras of
Cartan type W (m,n; t), H(m,n; t), KO(m,m+1; t) or SHO(m,m; t) for arbitrary integers
m,n > 2, r ∈ Np+2 and t ∈ Nm.
Proof. By Theorem 3.2, we have
dimSKO(p+ 2, p+ 3; (p− 1)/2, t) = 2
( p+2∑
l=2
(
(2p+1 − 2p+2−l)
∑
(i1,i2,...,il)∈J(l)
l∏
c=1
piic
)
+
p+2∏
j=1
(pij + 2)
)
− 2p+2 − 1.
Then dimSKO(p + 2, p + 3; (p − 1)/2, t) is odd and our corollary follows from Lemma
3.3.
Remark 3.5. Further comparison between the special odd contact superalgebras and the
special superalgebras is left to discuss in Section 5, where we shall use the structures of the
outer superderivation algebras (see Corollary 5.3 and Remark 5.4).
4. Superderivations
Define a new multiplication [ , ] in O,
[a, b] := DKO(a)(b)− (−1)
p(a)2(∂2n+1a)b.
Then (O, [ , ]) is a Lie superalgebra. Since g′′ is a subalgebra of KO(n, n + 1;λ, t), it is
easy to see that {a | divλ(a) = 0, a ∈ O} is a subalgebra of O. By [3], the mapping
O −→ KO(n, n+ 1; t), DKO : a 7−→ DKO(a)
is an isomorphism of Lie superalgebras. Therefore,
g′′ ∼= {a | divλ(a) = 0, a ∈ O}.
In this section we sometimes identify DKO(f) with f for f ∈ O. Let Derg be the su-
perderivation algebra of g. Then Derg is a Z-graded Lie superalgebra:
Derg = ⊕t∈ZDertg, Dertg := {φ ∈ Derg | φ(gj) ⊆ gj+t, ∀j ∈ Z}.
For i ∈ 1, 2n and f ∈ O, define
δif :=
{
0, ∂i(f) = 0
1, ∂i(f) 6= 0.
Let T :=
∑n
k=1 Fhk, where hk := xkxk′ .
Lemma 4.1. Let hi := xixi′ , i ∈ 1, n. Then hi ∈ NorO(g).
Proof. For f ∈ g, we want to show that [hi, f ] ∈ g. By Theorem 2.8, without loss of
generality one may assume that f = f0x2n+1 + f1 is an element in T ∪ S ∪ {1}. Then
[xixi′ , f ] = δi′f0f0x2n+1 − δif0αif0x2n+1 + δi′f1f1 − δif1 (αi + δi′f1)f1, (4.1)
where i ∈ 1, n. Now it needs only a straightforward verification.
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Lemma 4.2. If f ∈ NorO(g) and ∂2n+1(f) = 0. Then f ∈ g
′′ + T.
Proof. Since xi ∈ g for all i ∈ 1, 2n, we have [xi, f ] ∈ g and then ∆([xi, f ]) = 0. It is
easy to verify that ∂i(∆(f)) = 0 for all i ∈ 1, 2n. It follows that ∆(f) ∈ F. Consequently,
∆(f −∆(f)h1) = 0. Therefore, f −∆(f)h1 ∈ g′′ and f ∈ g′′ + T.
Lemma 4.3. NorO(g) = g
′′ + T.
Proof. By Lemma 4.1, g′′ + T ⊆ NorO(g). Let us consider the converse inclusion. Let
f = f0x2n+1+ f1 ∈ NorO(g) be the x2n+1-decomposition. Since 1 ∈ g, we have [f0x2n+1+
f1, 1] = 2f0 ∈ g and f0 is a linear combination of S1 ∪S2 ∪ {1}. Without loss of generality,
suppose f0 ∈ S1 ∪ S2 ∪ {1}.
Case 1. Suppose f0 ∈ A2 ∪ S2. In this case, f0 is integral. Then there is q ∈ 1, n such that
f0x2n+1 + (−1)
p(f0)(nλ− zd(f0))∇q(f0) ∈ g
′′ ⊆ NorO(g).
So
(−1)p(f0)(nλ− zd(f0))∇q(f0)− f1
= f0x2n+1 + (−1)
p(f0)(nλ− zd(f0))∇q(f0)− (f0x2n+1 + f1) ∈ NorO(g).
By Lemma 4.2, we have
(−1)p(f0)(nλ− zd(f0))∇q(f0)− f1 ∈ g
′′ + T.
It follows that
f0x2n+1 + f1 = f0x2n+1 + f1 − (−1)
p(f0)(nλ− zd(f0))∇q(f0)
+(−1)p(f0)(nλ− zd(f0))∇q(f0)
= f0x2n+1 + (−1)
p(f0)(nλ− zd(f0))∇q(f0)
+f1 − (−1)
p(f0)(nλ− zd(f0))∇q(f0) ∈ g
′′ + T.
Case 2. Suppose f0 ∈ A1. By (2.8) there is r ∈ 1, n such that f0 = X(i1, . . . , in). Since
−(nλ− n+ 2r)f0x2n+1 + (zd(f1)− 2− nλδi1f1 + nλδi′1f1)xi1∂i1(f1)
= [f0x2n+1 + f1, x2n+1 + nλxi1xi′1 ] ∈ g,
we have nλ − n + 2r = 0, that is, f0x2n+1 ∈ g′′ ⊂ NorO(g). Therefore, f1 ∈ NorO(g).
By Lemma 4.2, we know that f1 ∈ g′′ + T. Hence NorO(g) ⊆ g′′ + T and the proof is
complete.
One can directly verify the following two lemmas.
Lemma 4.4. Let f ∈ g and [f, xi] =: bi, i ∈ 1, 2n. Let φ ∈ Derg such that φ(xi) = φ(bi) = 0
for all i ∈ 1, 2n. Then φ(f) ∈ g−2.
Lemma 4.5. Let s ≥ −1 and φ ∈ Dertg satisfy that φ(gj) = 0 for all j ∈ −2, s. If
s+ t ≥ −2, then φ = 0.
Proposition 4.6. Der−2g = adg−2, Der−3g = 0.
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Proof. (1) Let us first show that Der−2g = adg−2. Let φ ∈ Der−2g. Then φ(gj) = 0 for
j = −2,−1. Write φ(x2n+1 + nλxixi′) = ci ∈ g−2 for i ∈ 1, n. Put ψ := φ +
1
2c1ad1.
Then ψ(gj) = 0 for j = −2,−1 and ψ(x2n+1 + nλxixi′) = ci − c1 for all i ∈ 1, n. Suppose
ψ(xixj) = dij ∈ g−2 for i 6= j′ ∈ 1, 2n and ψ(xixi′ − xjxj′ ) = eij ∈ g−2 for i 6= j ∈ 1, n.
(1a) Note that
[x2n+1 + nλxixi′ , x2n+1 + nλx1x1′ ] = 0 for all 1 6= i ∈ 1, n.
Applying ψ to the equation above, we have
0 = [ψ(x2n+1 + nλxixi′ ), x2n+1 + nλx1x1′ ] = −2(ci − c1).
It follows that ci = c1.
(1b) Choose distinct i, j, k, k′ ∈ 1, 2n. Applying ψ to the following equation
[xixj , x2n+1 + nλxkxk′ ] = 0,
one gets
0 = [ψ(xixj), x2n+1 + nλxkxk′ ] = [dij , x2n+1 + nλxkxk′ ] = −2dij.
It follows that dij = 0.
(1c) For distinct i, j, k ∈ 1, n, applying ψ to the following equation
[xixi′ − xjxj′ , x2n+1 + nλxkxk′ ] = 0,
one gets
0 = [ψ(xixi′ − xjxj′), x2n+1 + nλxkxk′ ] = −2eij.
It follows that eij = 0.
Summarizing, we have ψ(g0) = 0. By Lemma 4.5, ψ = 0, that is, Derg−2 = adg−2.
(2) It remains to show that Der−3g = 0. Let φ ∈ Derg−3. Then φ(gj) = 0 for j =
−2,−1, 0. Write for i ∈ 1, 2n, j ∈ 1, n with j′ 6= i,
φ(xix2n+1 + (−1)
µ(i)(nλ− 1)∇j(xi)) = cij ∈ g−2.
Write for i, j, k ∈ 1, 2n satisfying that ∆(xixjxk) = 0,
φ(xixjxk) = dijk ∈ g−2.
Write for i, k ∈ 1, n, j ∈ 1, 2n satisfying that ∆(xixi′xj − xkxk′xj) = 0,
φ(xixi′xj − xkxk′xj) = eijk ∈ g−2.
(2a) Fix any i ∈ 1, 2n and j ∈ 1, n with j′ 6= i. Applying φ to the following equation
[xix2n+1 + (−1)
µ(i)(nλ− 1)∇j(xi), x2n+1 + nλxjxj′ ] = xix2n+1 + (−1)
µ(i)(nλ− 1)∇j(xi),
we have
[φ(xix2n+1+(−1)
µ(i)(nλ−1)∇j(xi)), x2n+1+nλxjxj′ ] = φ(xix2n+1+(−1)
µ(i)(nλ−1)∇j(xi)).
It follows that −2cij = cij , that is, cij = 0.
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(2b) Suppose ∆(xixjxk) = 0 for some i, j, k ∈ 1, 2n. Applying φ to the following equation
[xixj , xkx2n+1 + (−1)
µ(k)(nλ− 1)xixi′xk] = ±(nλ− 1)xixjxk,
we have
0 = ±(nλ− 1)φ(xixjxk) = ±(nλ− 1)dijk.
Thus, if nλ− 1 6= 0 then dijk = 0. Applying φ to the following equation
[xixjxk, x2n+1 + nλxixi′ ] = (±nλ+ 1)xixjxk,
we have
−2dijk = (±nλ+ 1)dijk.
If nλ− 1 = 0 then nλ+ 3 6= 0. It follows that dijk = 0.
(2c) Suppose ∆(xixi′xj − xkxk′xj) = 0 for some i, k ∈ 1, n, j ∈ 1, 2n. Applying φ to the
following equation
[xjxj′ − xixi′ , xixi′xj − xkxk′xj ] = −xixi′xj + xkxk′xj ,
we have
0 = [xjxj′ − xixi′ , eijk] = −eijk.
It follows that eijk = 0. The proof is complete.
Lemma 4.7. Suppose φ ∈ Der−tg, t > 3. Then
φ(x((t−1)εi)xj) = φ(x
((t−1)εi)xi′ − x
((t−2)εi)xkxk′ ) = 0
for all i, k ∈ 1, n and j ∈ 1, 2n with i 6= j, j′, k.
Proof. Fix any i, k ∈ 1, n and j ∈ 1, 2n with i 6= j, j′, k. Write
φ(x((t−1)εi)xi′ − x
((t−2)εi)xkxk′) = dik ∈ g−2.
Note that
[x((t−1)εi)xi′ − x
((t−2)εi)xkxk′ , xixi′ − xkxk′ ] = (t− 2)(x
((t−1)εi)xi′ − x
((t−2)εi)xkxk′ ),
[x((t−1)εi)xi′ − x
((t−2)εi)xkxk′ , x2n+1 + nλxjxj′ ] = (t− 2)(x
((t−1)εi)xi′ − x
((t−2)εi)xkxk′).
Applying φ to the two equations above, one can obtain that (t − 2)dik = 0 and tdik = 0.
Since p > 3, we have dik = 0. Given i, k ∈ 1, n, j ∈ 1, 2n with i 6= j, j′, k 6= i, apply φ to
the equation below
[x((t−1)εi)xi′ − x
((t−2)εi)xkxk′ , x
(εi)xj ] = −x
((t−1)εi)xj .
We have φ(x((t−1)εi)xj) = 0.
Lemma 4.8. Suppose t > 3 and φ ∈ Der−tg such that φ(x(tεi)) = 0 for all i ∈ 1, n. Then
φ(x(kεi)xj) = 0 for all k ∈ 0, pti − 1 and j ∈ 1, 2n with i 6= j′.
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Proof. (1) We first show that φ(x(kεi)) = 0 for all k ∈ 0, pti − 1. Note that φ(x(kεi)) = 0
for all k ∈ 0, t. If k > t, by applying φ to [x(kεi), xl] = δil′x((k−1)εi) for l ∈ 1, 2n we obtain
by inductive hypothesis that φ(x((k−1)εi)) = φ(xl) = 0. Then by Lemma 4.4, φ(x
(kεi)) ∈
g−2 ∩ gk−t−2. Hence φ(x(kεi)) = 0 for all t < k < pti .
(2) Let us show that φ(x(kεi)xj) = 0 for all k ∈ 0, pti−1, j ∈ 1, 2n and i ∈ 1, n with
j′ 6= i.
(2.1) Suppose k < t − 1. As x(kεi)xj ∈ gk−1, we have φ(x(kεi)xj) ∈ gk−1−t and then
φ(x(kεi)xj) = 0.
(2.2) By Lemma 4.7, φ(x((t−1)εi)xj) = 0.
(2.3) Suppose k > t− 1 and use induction on k. Put
bl := [x
(kεi)xj , xl] = δil′x
((k−1)εi)xj + (−1)
µ(i)δjl′x
(kεi) for l ∈ 1, 2n.
By inductive hypothesis, φ(bl) = φ(xl) = 0. Then by Lemma 4.4, we have φ(x
(kεi)xj) ∈
g−2 ∩ gk−1−t for all k > t− 1. Therefore, φ(x(kεi)xj) = 0. The proof is complete.
Lemma 4.9. Suppose t > 3 and φ ∈ Der−tg such that φ(x(kεi)xj) = 0 for all k ∈ 0, pti − 1,
i ∈ 1, n and j ∈ 1, 2n with i 6= j′. Then φ(x(kεi)x2n+1 + (nλ − k)∇q(x(kεi))) = 0 for all
q ∈ I˜(kεi, 0).
Proof. (1) Since t > 3 and φ ∈ Der−tg, we have φ(x(εi)x2n+1 + (nλ− 1)∇q(x(εi))) = 0.
(2) Suppose k = 2, t > 4. For any φ ∈ Der−tg, it is clear that φ(x(2εi)x2n+1 + (nλ −
2)∇q(x
(2εi))) = 0.
(3) Suppose k = 2, t = 4. Write φ(x(2εi)x2n+1 + (nλ − 2)∇q(x(2εi))) = ciq ∈ g−2. Pick
m 6= i, q. Applying φ to the equation that
[x(2εi)x2n+1+(nλ− 2)∇q(x
(2εi)), x2n+1+nλxmxm′ ] = 2(x
(2εi)x2n+1+(nλ− 2)∇q(x
(2εi))),
one can obtain that −2ciq = 2ciq. If follows that ciq = 0.
(4) Suppose k > 2 and use induction on k. For j ∈ 1, 2n, put
bj := [x
(kεi)x2n+1 + (nλ− k)∇q(x
(kεi)), xj ]
= δi′jx
((k−1)εi)x2n+1 + δi′j(nλ− k)∇q(x
((k−1)εi))
+δq′jx
(kεi)xq′ + δqj(1− δij)(nλ− k)x
(kεi)xj + x
(kεi)xj .
By induction hypothesis, we have φ(xj) = φ(bj) = 0. Then by Lemma 4.4,
φ(x(kεi)x2n+1 + (nλ− k)∇q(x
(kεi))) ∈ g−2 ∩ gk−t.
(4.1) Suppose k 6= t− 2. Then φ(x(kεi)x2n+1 + (nλ− k)∇q(x
(kεi))) = 0.
(4.2) Suppose k = t−2.Write φ(x(kεi)x2n+1+(nλ−k)∇q(x(kεi))) = ciq ∈ g−2. Applying
φ to the equation below,
[x(kεi)x2n+1 + (nλ− k)∇q(x
(kεi)), x2n+1 + nλxqxq′ ] = k(x
(kεi)x2n+1 + (nλ− k)∇q(x
(kεi)))
one gets −2ciq = kciq.
(4.2.1) If k + 2 6≡ 0 (mod p), then ciq = 0.
(4.2.2) If k + 2 ≡ 0 (mod p), applying φ to the equation
[x((k−1)εi)x2n+1 + (nλ− (k − 1))∇q(x
((k−1)εi)), x(εi)x2n+1 + (nλ− 1)∇q(x
(εi))]
= (k − 2)(x(kεi)x2n+1 + (nλ− k)∇q(x
(kεi))),
we have ciq = 0.
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Proposition 4.10. If t > 3 is not a p-power, then Der−tg = 0.
Proof. Let φ ∈ Der−tg. By Lemmas 4.8, 4.9 and Theorem 2.8, it suffices to show that
φ(x(tεi)) = 0 for all i ∈ 1, n. Let φ(x(tεi)) = ci ∈ g−2 and pick i 6= k ∈ 1, n. Applying φ to
the following equation that
[x(tεi), x2n+1 + nλxkxk′ ] = (t− 2)x
(tεi),
one can obtain that −2ci = (t− 2)ci and therefore, tci = 0.
If t 6≡ 0 (mod p), then ci = 0. Otherwise, write t as the p-adic from
t =
l∑
i=1
αip
i, 0 ≤ αi < p, αl 6= 0.
As t 6= pl, we have
φ(x(p
lεi)xi′ − x
((pl−1)εi)xkxk′ ) ∈ g[pl−1−t] = 0,
φ(x((t−p
l+1)εi)) ∈ g[−pl−1] = 0.
Applying φ to
[x((t−p
l+1)εi), x(p
lεi)xi′ − x
((pl−1)εi)xkxk′ ] =
(
t
pl
)
x(tεi),
one gets φ(x(tεi)) = 0. The proof is complete.
Proposition 4.11. Let t = pd for some d ∈ N. Then Der−tg = spanF{∂
t
i | i ∈ 1, n}.
Proof. Let φ ∈ Der−tg. Then φ(x(tεi)) = ci ∈ g−2. Putting ψ := φ −
∑n
j=1 cj∂
t
j , we
have ψ(x(tεi)) = 0. Then by Lemmas 4.8, 4.9 and Theorem 2.8, we have ψ = 0, that is,
φ =
∑n
j=1 cj∂
t
j . This proves
Derg−t ⊆ spanF{∂
t
i | i ∈ 1, n}.
Note that in general,
[∂p
r
i , DKO(a)] = DKO(∂
pr
i (a)) and divλ(∂
pr
i (a)) = ∂
pr
i (divλ(a))
for a ∈ O and r ∈ N. One sees that ∂p
r
i is a derivation of g and then the converse inclusion
holds.
Given i ∈ 1, n, an element a ∈ O is called xi-truncated if each nonzero monomial kx(α)xu
of a satisfies that αi < p
ti − 1. We need a technical lemma:
Lemma 4.12. Suppose ai ∈ O satisfy that ∂i(aj) = (−1)µ(i)µ(j)∂j(ai) for all i, j ∈
1, 2n+ 1. The the following statements hold.
(1) ∂i(ai) = 0 for all i ∈ n+ 1, 2n+ 1;
(2) For i ∈ 1, n, ai has only one nonzero monomial of the form cix
(piiεi), ci ∈ F;
(3) If ai is xi-truncated, then there exists f ∈ O such that ai = ∂i(f) for all i ∈ 1, 2n+ 1.
Lemma 4.13. If φ ∈ Derg, then there is f ∈ O such that (φ−adf)(gj) = 0 for j = −1,−2.
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Proof. Let φ ∈ Derαg, α ∈ Z2. Put
a2n+1 := (−1)
α 1
2
φ(1)
and for i ∈ 1, 2n,
ai := (−1)
µ(i)α+µ(i)φ(xi′ ) + (−1)
µ(i′)xi′a2n+1.
By applying φ to [1, xi′ ] = 0 for i ∈ 1, 2n, we have
(−1)α2[a2n+1, xi′ ] + (−1)
α+µ(i)α+µ(i)[1, ai] + (−1)
α+µ(i)α[1, a2n+1xi′ ] = 0,
that is,
(−1)α+µ(i)α2∂i(a2n+1) + 2∂2n+1(a2n+1xi′)
= (−1)α+µ(i)α+µ(i)2∂2n+1(ai) + (−1)
α+µ(i)α2∂2n+1(a2n+1xi′ ).
It is easy to see that ∂2n+1(a2n+1) = 0. Therefore,
∂i(a2n+1) = (−1)
µ(i)∂2n+1(ai) for all i ∈ 1, 2n.
Since [xi′ , xj′ ] = 0 for i, j ∈ 1, 2n with j 6= i′, we have
[φ(xi′ ), xj′ ] + (−1)
αµ(i)[xi′ , φ(xj′ )] = 0.
It follows that
(−1)µ(i)α+µ(i)+µ(j)(α+µ(i
′))∂j(ai)− (−1)
µ(i)α+µ(i)+α+µ(i′)∂2n+1(ai)xj′
−(−1)µ(i)α+µ(j)(α+µ(i
′))∂j(xi′a2n+1) + (−1)
µ(i)α+α+µ(i′)∂2n+1(xi′a2n+1)xj′
+(−1)α(µ(i)+µ(j))+µ(j)+µ(i
′)∂i(aj)− (−1)
α(µ(i)+µ(j))+µ(j)xi′∂2n+1(aj)
+(−1)α(µ(i)+µ(j))+µ(i
′)∂i(xj′a2n+1)− (−1)
α(µ(i)+µ(j))xi′∂2n+1(xj′a2n+1) = 0.
Note that
−(−1)µ(i)α+µ(i)+α+µ(i
′)∂2n+1(ai)xj′ + (−1)
α(µ(i)+µ(j))+µ(i′)∂i(xj′a2n+1) = 0;
−(−1)µ(i)α+µ(j)(α+µ(i
′))∂j(xi′a2n+1)− (−1)
α(µ(i)+µ(j))+µ(j)xi′∂2n+1(aj) = 0;
(−1)µ(i)α+α+µ(i
′)∂2n+1(xi′a2n+1)xj′ = 0;
(−1)α(µ(i)+µ(j))xi′∂2n+1(xj′a2n+1) = 0.
We have
∂j(ai) = (−1)
µ(i)µ(j)∂i(aj).
In the same way, applying φ to [xi, xi′ ] = (−1)µ(i)1 for i ∈ 1, 2n, we conclude that
(−1)µ(i
′)α+µ(i′)+µ(i)(α+µ(i))∂i(ai′)− (−1)
µ(i′)α+µ(i′)+α+µ(i)∂2n+1(ai′)xi′
+(−1)µ(i
′)α+µ(i)(α+µ(i))∂i(xia2n+1)− (−1)
µ(i′)α+α+µ(i)∂2n+1(xia2n+1)xi′
+(−1)αµ(i
′)+µ(i)α+µ(i)+µ(i)∂i′(ai)− (−1)
αµ(i′)+µ(i)α+µ(i)xi∂2n+1(ai)
+(−1)αµ(i
′)+µ(i)α+µ(i)∂i′ (xi′a2n+1)− (−1)
αµ(i′)+µ(i)αxi∂2n+1(xi′a2n+1)
= (−1)µ(i)+α2a2n+1.
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Since
−(−1)µ(i
′)α+µ(i′)+α+µ(i)∂2n+1(ai′)xi′ + (−1)
αµ(i′)+µ(i)α+µ(i)∂i′(xi′a2n+1)
+(−1)µ(i
′)α+µ(i)(α+µ(i))∂i(xia2n+1)− (−1)
αµ(i′)+µ(i)α+µ(i)xi∂2n+1(ai)
= (−1)µ(i)+α2a2n+1
and
(−1)µ(i
′)α+α+µ(i)∂2n+1(xia2n+1)xi′ = (−1)
αµ(i′)+µ(i)αxi∂2n+1(xi′a2n+1) = 0,
one can gets
∂i(ai′) = (−1)
µ(i)µ(i′)∂i′(ai) for all i ∈ 1, 2n.
We have proved that
∂i(aj) = (−1)
µ(i)µ(j)∂j(ai) for all i, j ∈ 1, 2n+ 1.
Next, we want to show that ai is xi-truncated for i ∈ 1, n. Pick i, i′ 6= j ∈ 1, n. Applying
φ to the following equation that
[x2n+1 + nλxjxj′ , 1] = 2,
one gets
[φ(x2n+1 + nλxjxj′), 1] + [x2n+1 + nλxjxj′ , φ(1)] = 2φ(1),
that is,
−(−1)α2∂2n+1(φ(x2n+1 + nλxjxj′ ))−D(φ(1))
−2x2n+1∂2n+1(φ(1)) + nλ(xj′∂j′(φ(1)) − xj∂j(φ(1))) + 2φ(1)
= 2φ(1).
Hence
− ∂2n+1(φ(x2n+1 + nλxjxj′ )) = D(a2n+1) + nλ(xj∂j(a2n+1)− xj′∂j′(a2n+1)). (4.2)
Applying φ to the equation that
[xi′ , x2n+1 + nλxjxj′ ] = −xi′ ,
one can get
[φ(xi′ ), x2n+1 + nλxjxj′ ] + [xi′ , φ(x2n+1 + nλxjxj′ )] = −φ(xi′ ),
that is,
[(−1)µ(i)α+µ(i)ai − (−1)
µ(i)αxi′a2n+1, x2n+1 + nλxjxj′ ]
= −[xi′ , φ(x2n+1 + nλxjxj′ )]− (−1)
µ(i)α+µ(i)ai + (−1)
µ(i)αxi′a2n+1.
In combination with (4.2), we have
(−1)µ(i)α+µ(i)D(ai)− 2(−1)
µ(i)α+µ(i)ai + 2(−1)
µ(i)α+µ(i)∂2n+1(ai)x2n+1
+(−1)µ(i)α+µ(i)nλ(∂j(ai)xj − ∂j′(ai)xj′ )− (−1)
µ(i)αD(xi′a2n+1)
+(−1)µ(i)α2xi′a2n+1 + nλ(−(−1)
µ(i)α∂j(xi′a2n+1))xj − (−1)
µ(i)α+µ(i)∂j′ (ai)xj′ )
−∂i(φ(x2n+1 + nλxjxj′)) + xi′ (D(a2n+1) + nλ(xj∂j(a2n+1)− xj′∂j′(a2n+1)))
= −(−1)µ(i)α+µ(i)ai + (−1)
µ(i)αxi′a2n+1.
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By Lemma 4.12(2), ai = x + cix
(piiεi), where x is xi-truncated. Substituting ai with
x + cix
(piiεi) and observing the coefficient of x(piiεi) we obtain that piici − 2ci = −ci.
Consequently, 2ci = 0, that is, ai is xi-truncated. By Lemma 4.12(1) and (3), there exists
f ∈ O such that
ai = ∂i(f) for all i ∈ 1, 2n+ 1.
Then we have
(φ− ad(f))(gj) = 0 for j = −2,−1.
By Lemma 4.5, the proof is complete.
Lemma 4.14. Suppose φ ∈ Dertg, t ≥ −1. Then there exists f ∈ O such that φ = adf.
Proof. Let φ ∈ Derg. By Lemma 4.13, there exists f ∈ O such that (φ − ad(f))(gj) = 0
for j = −2,−1. Since t ≥ −1, by Lemma 4.5 we have φ− adf = 0, that is, φ = adf.
We are in the position to determine completely the superderivation algebra of the special
odd contact superalgebra g. Recall that T :=
∑n
k=1 Fxkxk′ .
Theorem 4.15. Derg = adg′′ + adT ⊕ span
F
{∂p
di
i | 1 ≤ di ≤ ti − 1, i ∈ 1, n}.
Proof. Note that any p-power of an even superderivation is again an even superderivation
and that [[g′′, g′′], [g′′, g′′]] = g. By Lemma 4.3, we have Derg ⊇ adg′′ + adT ⊕ span
F
{∂p
di
i |
1 ≤ di ≤ ti− 1, i ∈ 1, n}. The converse inclusion follows from Lemma 4.3, Propositions 4.6,
4.10, 4.11 and Lemma 4.14.
Remark 4.16. The degree derivation deg of g is
−adx2n+1 = −ad(x2n+1 + nλx1x1′) + nλad(x1x1′) ∈ adg
′′ + adT.
5. First cohomology
Recall that g denotes the special odd contact superalgebra SKO(n, n + 1;λ, t), where
n ≥ 3 is an integer and t := (t1, . . . , tn) is an n-tuple of positive integers. Denote the
outer superderivation algebra of g by Deroutg := Derg/adg, which is isomorphic to the first
cohomology group. In this section we shall characterize the structure of Deroutg and give
an application for the isomorphism problem between modular Lie superalgebras of Cartan
type.
For simplicity, we introduce some symbols. Let (i1, i2, . . . , ik) be a k-tuple of arbitrary
positive integers. As in usual, put
sgn(i1, i2, . . . , ik) :=
∏
1≤j<l≤k(il − ij)
|
∏
1≤j<l≤k(il − ij)|
,
which is ±1. Write the integers
l0¯(λ, n) :=
∑
k∈S0(λ,n)
n−k is even
(
n
k
)
+
∑
k∈S2(λ,n)
n−k is odd
(
n
k
)
,
l1¯(λ, n) :=
∑
k∈S0(λ,n)
n−k is odd
(
n
k
)
+
∑
k∈S2(λ,n)
n−k is even
(
n
k
)
.
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Here we recall that for λ ∈ F,
Sl(λ, n) := {k ∈ 0, n | nλ− n+ 2k + l = 0 ∈ F}.
Let V := V0¯ ⊕ V1¯ be a Z2-graded vector space where
V0¯ := V00 ⊕ V01 ⊕ V02 ⊕ V03, V03 := δ
′
nλ,−1F · 1, V1¯ := V11 ⊕ V12;
V01 := spanF{Xi1,...,ir | r ∈ S2(λ, n), (i1, . . . , ir) ∈ J(r), n − r is odd};
V02 := spanF{Yj1,...,jl | l ∈ S0(λ, n), (j1, . . . , jl) ∈ J(l), n− l is even};
V11 := spanF{Xi1,...,ir | r ∈ S2(λ, n), (i1, . . . , ir) ∈ J(r), n − r is even};
V12 := spanF{Yj1,...,jl | l ∈ S0(λ, n), (j1, . . . , jl) ∈ J(l), n− l is odd};
dimV00 = |t| − n, dimV01 ⊕ V02 = l0¯(n, λ), dim V1¯ = l1¯(n, λ).
Note that V is of dimension
l0¯(λ, n) + l1¯(λ, n) + |t| − n+ δ
′
nλ,−1.
Moreover,V becomes a Lie superalgebra by letting
[V00, V ] = [V03, V ] = [V01 + V11, V01 + V11] = [V02 + V12, V02 + V12] = 0
and
[Xi1,...,ir , Yj1,...,jl ] = (−1)
r(n−r+1)[Yj1,...,jl , Xi1,...,ir ]
=
{
0, (i1, . . . , ir) 6= (jl+1, . . . , jn)
δ′nλ,−1sgn(i
′
r+1, . . . , i
′
n, i
′
2, . . . , i
′
r)1, (i1, . . . , ir) = (jl+1, . . . , jn).
In particular, if δ′nλ,−1 = 0 then V is an abelian Lie algebra.
Let f ∈ EndV be such that f |V00 = 0, f |V01⊕V02⊕V1¯ = idV01⊕V02⊕V1¯ and f |V03 = 2idV03 .
Denote the semidirect product by L := Ff ⋉ V. Then L is a Lie superalgebra of dimension
l0¯(λ, n) + l1¯(λ, n) + |t| − n+ 1 + δ
′
nλ,−1. Consider the centralizer of g in KO,
CKO(g) :=
{
e ∈ KO | [e, g] = 0
}
.
Lemma 5.1. CKO(g) = 0.
Proof. Let f be an arbitrary element of CKO(g) and f = f0x2n+1 + f1 be the x2n+1-
decomposition. Note that g contains 1, xi for i ∈ 1, 2n and x2n+1 + nλx1x1′ . We have
f0 = 0 since 2f0 = [f, 1] = 0. Similarly, one gets f ∈ F from the equation that [f, xi] = 0
for i ∈ 1, 2n. Since −2f = [f, x2n+1 + nλx1x1′ ] = 0, we have f = 0.
Theorem 5.2. Deroutg ∼= L and
dimDeroutg =
∑
k∈S0(λ,n)
(
n
k
)
+
∑
k∈S2(λ,n)
(
n
k
)
+ |t| − n+ 1 + δ′nλ,−1.
Proof. Let ρ : Derg −→ Deroutg := Derg/adg be the canonical homomorphism. By Theo-
rem 4.15, Deroutg is spanned by
{ρ(adX(i1, . . . , ir)) | r ∈ S2(λ, n), (i1, . . . , ir) ∈ J(r)} ∪ {ρ(ady) | y ∈ S5} ∪ {ρ(adx1x1′)}
∪{ρ(∂p
di
i ) | 1 ≤ di ≤ ti − 1, i ∈ 1, n} ∪ {δ
′
nλ,−1ρ(adG)}. (5.1)
Finite dimensional special odd contact superalgebras 27
Note that span
F
{ρ(∂p
di
i ) | 1 ≤ di ≤ ti − 1, i ∈ 1, n} ∩ ρ(adg
′′) = 0 and F(ρ(adx1x1′)) ∩
ρ(adg′′) = 0. We may prove from Lemma 5.1 that the above set (5.1) is F-linearly inde-
pendent. Suppose
a ∈ {X(i1, . . . , ir) | r ∈ S2(λ, n), (i1, . . . , ir) ∈ J(r)} ∪ S5.
For i, j ∈ 1, n, 1 ≤ di ≤ ti − 1, 1 ≤ dj ≤ tj − 1, (i1, . . . , ir) ∈ J(r) and (j1, . . . , jl) ∈ J(l),
we have
[ρ(adx1x1′), ρ(ada)] = ρ(ada),
[ρ(adx1x1′), ρ(adG)] = 2ρ(adG),
[ρ(∂p
di
i ), ρ(Der(g))] = [ρ(adS5), ρ(adS5)] = 0,
[ρ(ada), ρ(adG)] = [ρ(adX(i1, . . . , ir), ρ(adX(ji, . . . , jl))] = 0,
[ρ(adX(i1, . . . , ir)), ρ(adE(pij1 + · · ·+ pijl , 〈j
′
l+1, . . . , j
′
n〉, 2n+ 1))]
= (−1)r(n−r+1)[ρ(adE(pij1 + · · ·+ pijl , 〈j
′
l+1, . . . , j
′
n〉, 2n+ 1)), ρ(adX(i1, . . . , ir))]
=
{
0, (i1, . . . , ir) 6= (jl+1, . . . , jn)
δ′nλ,−1sgn(i
′
r+1, . . . , i
′
n, i
′
2, . . . , i
′
r)ρ(adG), (i1, . . . , ir) = (jl+1, . . . , jn).
Now one may easily establish a Lie superalgebra isomorphism of Deroutg onto L. The
dimension formula follows.
Corollary 5.3. SKO(p+2, p+3; (p−1)/2, r) is not isomorphic to S(m,n; t), HO(m,m; t)
or K(m,n; t) for any m,n > 2, r ∈ Np+2 and t ∈ Nm.
Proof. By Theorem 5.2, [8, Theorems 2.12 and 2.4(ii)] and [9, Theorem 22], one sees that
DeroutS(m,n; t) 6∼= DeroutSKO(p+ 2, p+ 3; (p− 1)/2, r),
DeroutHO(m,m; t) 6∼= DeroutSKO(p+ 2, p+ 3; (p− 1)/2, r),
DeroutK(m,n; t) 6∼= DeroutSKO(p+ 2, p+ 3; (p− 1)/2, r)
for all m,n > 2, r ∈ Np+2 and t ∈ Nm. Therefore, SKO(p + 2, p + 3; (p − 1)/2, r) is not
isomorphic to S(m,n; t), HO(m,m; t) and K(m,n; t) for any m,n > 2, r ∈ Np+2 and
t ∈ Nm.
Remark 5.4. By Corollaries 3.4 and 5.3, the family of finite dimensional simple special
odd contact superalgebras does contain “strange” ones which are not isomorphic to any
simple Lie superalgebras of Cartan type W,S,H,K,HO,KO or SHO. A complete consid-
eration for the isomorphism problem between modular Lie superalgebras of Cartan type is
beyond the scope of the present paper.
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